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Introduction

« Modeling dependencies in input; no
longer iid

e Sequences:

— Temporal: In speech; phonemes in a word
(dictionary), words in a sentence (syntax,
semantics of the language).

e In handwriting, pen movements
— Spatial: In a DNA sequence; base pairs



Introduction

« Modeling dependencies in input; no
longer iid
e Sequences:

— A sequence can be characterized as being
generated by a parametric random process
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Discrete Markov Process

e Consider a system as with

N states: S, S,, ..., Sy State at “time” ¢, g, = §,

l

e First-order Markov

P(q,,1=5;1475;, 4,.1=5; »--) = P(q,,,=5;1 ¢=5))
« Transition probabilities

a;=P(q,.,=5;19=S) a;z0and 2,_Na,=1
 |nitial probabilities
.= P(q,=S)) Ejle =1



Stochastic Automation

« Transition probabilities
a,;=Pq,,=51q9=5) a;=0 and 2].:11\’ a,=1
o Initial probabilities
.= P(q,=S)) 2. Nm=1
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Observable Markov model

The states are observable

— At any time ¢ we know g,
— Having an observation sequence
O=0=19,9, ... c%T}

P(O =QIAI) =P(q) | | P(atldi-1) = g, ag,4, * * * Aar_rar
t=2



Example: Balls and Urns

e Rabiner and Juang (1986)
« Three urns each full of balls of one color

S,:red, S,: blue, §;: green
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« Three urns each full of balls of one color

S,:red, S,: blue, §;: green
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Example: Balls and Urns

e Rabiner and Juang (1986)
« Three urns each full of balls of one color

S,:red, S,: blue, §;: green

0.4 03 0.3
11=[0.5,02,03] A=[02 06 0.2
0.1 0.1 0.8

O={51151153r53’}\
P(O|A,IT)



Example: Balls and Urns

e Rabiner and Juang (1986)
« Three urns each full of balls of one color

S,:red, S,: blue, §;: green

0.4 0.3 0.3]
1=[0.5,0.2,03] A=[02 06 0.2
0.1 0.1 0.8

O={51151153153}

P(OlArH)=P(S1)°P(51 |51)°P(53 |51)°P(53 |S3)
=T, "4, " 0,3 "ds;
=0.5-0.4-0.3-0.8=0.048



Example: Balls and Urns

* Learning
— Given K example sequences of length T

5 #{sequences starting with 5,}: Zkl(qlk =5,-)
’ #{sequences} K




Example: Balls and Urns

e Learning

— Given K example sequences of length T

#{sequences starting with S,.} _ Zkl(qlk =5,-)
#{sequences} K
#{transitions from S, to Sj}

T, =

N

i

#{transitions from .}

_ sz:ll(Qf =5, and qf+1 — Sj)
Zk Z:l(qf - S,.)
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Hidden Markov Models

o States are not observable

o Discrete observations {v,,v,,...,v,,} are
recorded

— A probabilistic function of the state
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recorded
— A probabilistic function of the state
« Emission probabilities
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Hidden Markov Models

States are not observable
Discrete observations {v,,v,,...,v,,} are recorded

Emission probabilities

— Observation that we observe
m=1,...,Min stateSj

b(m)=PO=v,|q=5)

|2

The state sequence Q is not observed

— but it should be inferred from the observation
sequence O



Example: Balls and Urns

e In each urn, there are balls of different colors,
but with different probabilities.

— For each observation sequence, there are multiple
state sequences

— bj(m) =P(O=v, | q=S)) denotes the probability of

drawing a ball of color m from urnj



Example: Balls and Urns

e In each urn, there are balls of different colors,
but with different probabilities.

— For each observation sequence, there are multiple
state sequences

— bj(m) =P(O=v, | q=S)) denotes the probability of
drawing a ball of color m from urnj

— We again observe a sequence of ball colors but
without knowing the sequence of urns from which
the balls were drawn



Example: Balls and Urns

e In each urn, there are balls of different colors,
but with different probabilities.

— The observable model is a special case of the
hidden model

—whereM =N

—and b(m) is 1 if j =m and 0 otherwise



Example: Balls and Urns

e In each urn, there are balls of different colors,
but with different probabilities.

— For the same observation sequence O, there may
oe many possible state sequences Q that could

nave generated O _~=




Elements of an HMM

* N:Number of states S = {S1,S>,...,Sn}

* M: Number of observation symbols
V =1v1,V2,...,Vum}



Elements of an HMM

N: Number of states S = {S1,S>,...,Sn}

M: Number of observation symbols
V=1{v,vo,..., v}

A = la;l: N by N state transition probability matrix

A = laij] where a;j = P(qr+1 = Sjlq: = Si)
B = bj(m): N by M observation probability matrix
B = [bj(m)] where b;(m) = P(O; = Vmlq: = Sj)

I1 = [,]: N by 1 initial state probability vector
ITI = [11;] where 15, = P(g1 = Sj)



Elements of an HMM

e A= la;l: N by N state transition probability matrix
A = [a;j] where a;j = P(qt+1 = Sjlq: = Si)
e B= bj(m): N by M observation probability matrix
B =[bj(m)] where bj(m) = P(Ot = Vvinlg:r = Sj)
« II=[x]: N by linitial state probability vector
II = [11;] where 13 = P(g1 = S;)

A=(A,B,II), parameter set of HMM
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Three basic problems of HMMs

e Given a number of sequences of observations, we are
interested in:

1. Evaluation

Given A, and O, calculate P (O | 1)
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Three basic problems of HMMs

e Given a number of sequences of observations, we are
interested in:

1. Evaluation

Given A, and O, calculate P (O | 1)
2. State sequence

Given 4, and O, find O* such that
P (O*1 O,/1)=maXQP(QI0 A)
3. Learning

Given X = {OF},, find A* such that
P(X1A*)=max, P(X11)



1. Evaluation

* Given an observation sequence O ={01 02 - - 07}
and a state sequence Q = {q1g92 - - * gr }, the
probability of observing O given the state sequence Q
IS

T
P(01Q,A) = | | P(O¢1gt,A) = bg, (O1) - by, (O2) - - - by, (O7)

t=1
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probability of observing O given the state sequence Q
IS

T
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t=1

« which we cannot calculate because we do not know
the state sequence.



1. Evaluation

T
P(01Q,A) = | | P(O¢1gt,A) = bg, (01) - bg,(02) - - - bg, (O7)

t=1
e Which we cannot calculate because we do not know
the state sequence.

« But, we can compute the probability of a state

sequence P(QIA) =P(q1) | | P(atlgi-1) = Ttq,aq1q, * * * Agr_rar
(=2



1. Evaluation

T
P(O1Q,A) = | | P(O¢lG:,A) = bg, (O1) - bg,(O2) - - - by, (Or)
=1

« Which we cannot calculate because we do not know
the state sequence.

e But, we can compute

P(QIA) = P(q1) | | P(Gtlgi-1) = Ttq,ag,q, - * * Agr 1 e
t=2

T T
P(0,QIA) = P(q))|[]|P@ilai-1) | [P(Oclar)

=2 t=1
g, bg,(0O1)ag,q,b4q,(02) - - - Agr_,q:bg; (O1)



1. Evaluation

T
P(O1Q,A) = | | P(O¢lG:,A) = bg, (O1) - bg,(O2) - - - by, (Or)
=1

« Which we cannot calculate because we do not know
the state sequence.

e But, we can compute

P(QIA) = P(q1) | | P(Gtlgi-1) = Ttq,ag,q, - * * Agr 1 e
t=2

T T
P(0,QI1A) = P(q))|[]|P@ilai-1) | [P(Oclar)
t=2 t=1

bg, (01)ag,q,b4,(02) - - - dg; 1 q:bg; (OT)

A
P(O[A) = > P(O,QlA)
all possible Q



1. Evaluation

T
P(O1Q,A) = | | P(O¢lG:,A) = bg, (O1) - bg,(O2) - - - by, (Or)
=1

e Which we cannot calculate because we do not know
the state sequence.

e But, we can compute

P(OI[A) = > P(O,QlA)
all possible Q

* There are NT possible QO



1. Evaluation

N
P(OIA) = > P(O,qr = SilA)
i=1

« Forward-Backward procedure
— Forward variable

at(i)EP(Ol'“Ot'qt =35, |ﬂ“)

t +1



1. Evaluation

N
P(OIA) = > P(O,qr = SilA)
i=1

« Forward-Backward procedure
— Forward variable
a,(i)=P(0,---0,,q,=S, | A)
Initialization:
a, (l) =71.b, (01)

t +1



1. Evaluation

N
P(OIA) = > P(O,qr = SilA)
i=1
Forward-Backward procedure
— Forward variable
at(i)EP(Ol "'Ot'qt :Si |ﬂ“)
Initialization:
al(i):ﬂ-ibi(ol)

1 (1) P(O1,q91 = SilA)
= P(O1lg1 = Si,AM)P(gq1 = SilA)

1;b;i (O1)

t +1



1. Evaluation

N
P(OIA) = > P(O,qr = SilA)
i=1

« Forward-Backward procedure
— Forward variable
at(i)EP(Ol :0,,9, =5, |ﬂ“)
Initialization:

al( ) 7.b, (O )
Recursion:

1) 3l o0,

t +1



1. Evaluation

N
P(O|A) = ZP(O,qT=SiI?\)
i=1
Recursion

Xt+1(J) = P(O1 - - - Ot41,qr+1 = SjlA)

t t+1



1. Evaluation

N
P(OIA) = > P(O,qr = SilA)
=1
Recursion
Xt+1(J) = P(O1 - - - Ot41,qt+1 = Sj|A)
= P(O71---0t+11Gt+1 = Sj, M) P(ge+1 = SjlA)

+1



1. Evaluation

N
P(OlA) = ZP(O,QT = SilA)
i=1
Recursion
Xt+1(J) = P(O1 - - - Ot41,qt+1 = SJM)

= P(O71---0t+11Gt+1 = Sj, M) P(ge+1 = SjlA)
= P(O1---0¢tlgt+1 = Sj, M) P(Ot+11Gt+1 = Sj, M) P(Ge+1 = SjlA)

t t+1
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1. Evaluation

N
P(OIA) = > P(O,qr = SilA)

i=1
Recursion
Xt+1(J) = P(O1 - - - Ot41,qt+1 = SJM)
= P(O71---0t+11Gt+1 = Sj, M) P(ge+1 = SjlA)
= P(O71---0¢lgt+1 = Sj; M) P(Or111Gt+1 = Sj, M) P(qr+1 = SjlA)
= P(O1---0t,qr+1 = SjIMP(Ot111gt41 = Sj, A)
= P(Ot+119t+1 = SjsA) ZP(Ol O, qr = S5i, Q1 = SJM)

i

t t+1



1. Evaluation

N
P(O|A) = ZP(O,qT=SiIA)
i=1
Recursion

Xt+1(J) = P(O1 - - - Ot41,G1+1 = SJM)
= P(O71---0t+11Gt+1 = Sj, M) P(ge+1 = SjlA)
= P(O1---0¢tlgt+1 = Sj, M) P(Ot+11Gt+1 = Sj, M) P(Ge+1 = SjlA)
= P(O1---0t,qr+1 = SjIMP(Ot111gt41 = Sj, A)
= P(Ot+11Gt+1 = Sj,A) D P(O1 -+ O, qr = Si, qr+1 = SjlA)
= P(Ot+11gt+1 = Sj,A) |
D> P(O1 -+ O i1 = Sjlar = Si, VP(qr = SilA)
i

t t+1



1. Evaluation

N
P(O|A) = ZP(O,qT=SiI?\)
i=1
Recursion

Xt+1(J) = P(O1 - - - Ot41,G41+1 = Sj|A)
= P(O71---0t+11Gt+1 = Sj, M) P(ge+1 = SjlA)
= P(O1---0¢tlgt+1 = Sj, M) P(Ot+11Gt+1 = Sj, M) P(Ge+1 = SjlA)
= P(O1---0t,qr+1 = SjIMP(Ot111gt41 = Sj, A)
= P(Ot+11Gt+1 = Sj,A) D P(O1 -+ O, qr = Si, qr+1 = SjlA)
= P(Ot+11gt+1 = Sj,A) |
D> P(O1 -+ O i1 = Sjlar = Si, VP(qr = SilA)
i

= P(Ot+11qt41 = Sj, A)
D> P(O1---Olar = Si,NP(qi+1 = Sjlac = Si, A)P(q; = SilA)
i

t t+1



1. Evaluation

N
P(O|A) = ZP(O,qT=SiIA)
i=1
Recursion

Xi+1(J) = P(O71 - - - Ot41,Ge+1 = SjlA)

= P(O¢+11qt+1 = S5, A)
D> P(O1- - O, drs1 = Sjlar = Si, AP (gr = SilA)
i

= P(O¢+119t41 = Sj, A)
D> P(O1 -+ Olgr = Si, NP (qr+1 = Sjlar = Si, D) P(qt = SilA)
i

t t+1



1. Evaluation

N
P(OIA) = > P(O,qr = SilA)
=1
Recursion
Xt+1(J) = P(O1 - - - Ot41,qt+1 = SJM)
= P(O¢+11qt+1 = S5, A)
D> P(O1- - O, drs1 = Sjlar = Si, AP (gr = SilA)
i
= P(O¢+119t41 = Sj, A)
D> P(O1---0¢lgr = Si, NP(qr+1 = Sjlar = Si, )P (q: = SilA)
i
= P(Ot+119t41 = Sj,A)
zP(Ol - Ot qr = SilAM)P(Gr+1 = Sjlge = Si, A)
i

t t+1



1. Evaluation

N
P(O|A) = ZP(O,qT=SiIA)
i=1
Recursion

Xi+1(J) = P(O71 - - - Ot41,Ge+1 = SjlA)

= P(O¢+11qt+1 = S5, A)
D> P(O1- - O, drs1 = Sjlar = Si, AP (gr = SilA)
i

= P(O¢+119t41 = Sj, A)
D> P(O1 -+ Olgr = Si, NP (qr+1 = Sjlar = Si, D) P(qt = SilA)
i

= P(Ot+119t41 = Sj,A)
> P(O1-- 04, qr = SilM)P(Grs1 = Sjlae = Si, A)
i

N
= [Z O(t(i)aij:| b;i(O¢s1)
i=1

t t+1



1. Evaluation

N
P(OIA) = > P(O,qr = SilA)
i=1

« Forward-Backward procedure
— Forward variable
at(i)EP(Ol :0,,9, =5, |ﬂ“)
Initialization:

al( ) 7.b, (O )
Recursion:

1) 3l o0,

N
P(O]14)= ;aT t t+1




1. Evaluation

T
P(O1Q,A) = | | P(O¢lG:,A) = bg, (O1) - bg,(O2) - - - by, (Or)
=1

« Forward-Backward procedure

— Backward variable

:Bt(i)EP(OHl”'OT |qt :Si'ﬂ’)




1. Evaluation

T
P(O1Q,A) = | | P(O¢lG:,A) = bg, (O1) - bg,(O2) - - - by, (Or)
=1

« Forward-Backward procedure

— Backward variable

:Bt(i)EP(OHl”'OT |qt :Si'/l)

Initialization:

:Br(i)zl




1. Evaluation

T
P(O1Q,A) = | | P(O¢lG:,A) = bg, (O1) - bg,(O2) - - - by, (Or)
=1

« Forward-Backward procedure

— Backward variable

:Bt(i)EP(OHl”'OT |qt :Si'ﬂ‘)

Initialization:

:Br(i)zl

Recursion:

Zau j t+1 ﬂt+1 )




1. Evaluation

T
P(O1Q,A) = | | P(O¢lGe,A) = bg, (O1) - bg,(02) - - - bg, (Or)
=1

« Forward-Backward procedure
— Forward variable
at(i)EP(Ol :0,,9, =5, |ﬂ“)
Initialization:

al( ) 7.b, (O )
Recursion:

1) 3l o0,

OM ZaT t +1




2. State sequence

 Find the state sequence Q ={q,9, * * * q } having the
highest probability of generating the observation
sequence O ={0, O, - - - O, }, given the model 4

P(Q*10,2)=max,P(Q10,1)



2. State sequence

P (O*1 O,/1)=maxQP(QI O.,1)
 Let us define y (i) as the probability of being in

state S, at time 7, given O and 4
ye(i) = P(ge = SilO,A)
P(O|(/It Sl A)P(Qt — 51|A)
P(OIA)




2. State sequence

P(Q*10,4)=max, P(Q10 ,4)
 Let us define y (i) as the probability of being in
state S; at time ¢, given O and A

v.()=Plg, =S]o.1)
o, (i)B, ()
3o (8 ()




2. State sequence

P (O*1 0,/1)=maxQP(QI0 JA)
 Let us define y (i) as the probability of being in
state S, at time ¢, given O and 4

Yt(i)E'D(qt=5i ’
o, (i ), (7)
3o (8 () t

 Choose the state that has the highest probability

o for each time step: g, = arg max. y (i)




2. State sequence

v.()=Plg, =SJo.\)
_ o))
3o (B ()
« Choose the state that has the highest
probability

. for each time step:  ¢,*= arg max. y,(i). NO

« Viterbi Algorithm



2. State sequence

Yt(i)EP(qt =S5, 017‘)
_ o B.0)
3o (B ()

o Viterbi Algorithm

— Given state sequence Q =¢,q, * * - gy and
observation sequence O =0, - - - O, we define
0 (1) as the probability of the highest probability

path at time ¢ that accounts for the first ¢
observations and ends in §,

O0c(i) = max p(q19z2---qi-1,q9t = 5i, 01 - - - O¢|A)
a1q2---di-1



2. State sequence

0r(I) = max p(chqz qr-1,qr = Si, O1 - - - O¢|A)
ai1dq2---qe-

o Viterbi Algorlthm

— Initialization:
0,() =mb(0,)
w1(i) =0



2. State sequence

0r(I) = max 19(671672 qr-1,qr = Si, O1 - - - O¢|A)
ardz---qe-

« Viterbi Algorithm

— Initialization:
0,() =mb(0,)
1/)1(i) =0

— Recursion
t(]) max, 5t l(l)alJbJ(O)
W) = argmax; o, (ay



2. State sequence

0r(I) = max 19(671672 qt-1,9t = Si, O1 - - O¢|A)

arqz---qi-
 Viterbi Algorithm
—_ Initialization: —Termination:
>X<= é .
0,(i) = mb(0)) pr=max; o)
. g, = argmax; 0, (i)
1/)1(1) =0
— Recursion

0,j) = max; 0, ,()a;b(0,)
W) = argmax; o, (ay



2. State sequence

0¢(i) = max p(giqz - - - qe-1,q9c = Si, O1 - - - O¢|A)

d1 42
o Viterbi Algorithm
— Initialization: —Termination:
0,(()=mb(0,) p*=max, 0,
(@) =0 g, = argmax, 0, (i)
— Recursion

0 (j) = max, o0, ,())a,b(0,)

g
¥ (j) = argmax; d,,(Da;,
— Path bactracking

qt>X< = ?‘/)t+1(Qt+1* )9 t:T'l, T‘2, cees 1



2. State sequence

0r(I) = max P(Chqz o qr-1,9t = Si, 01 - - - O¢|A)
ardz---qe-

o Viterbi Algorlthm

— Recursion — Termination:

0j) = max, 0, (Da,b(0,) p*=max; 0,(i)
g, = argmax. 0..(7)

Y () = argmax; ét—l(l)azj
— Path bactracking

qt>X< — wt+1(ql‘+1* )9 t=T-1, T'2, cecs 1

— ¢ (j ) keeps track of the state that maximizes

O] ) at time t — 1, that is, the best previous
state



3. Learning

e Maximum Likelihood

— Calculate A« that maximizes the likelihood
of the sample of training sequences,

X ={Or}K,_., namely, P(XIA)



3. Learning

e Maximum Likelihood

— Calculate A« that maximizes the likelihood
of the sample of training sequences,

X ={Or}K,_., namely, P(XIA)

%t(irj)EP(qt =5,,0;. =Sj IO'}\‘)



3. Learning

e Maximum Likelihood

Et(i,j)EP(qt =5i’qt+1 =Sj|0'7\')

&(i,j) = P(gr=Si,qr+1 = Sj10,A)
P(Olq: = Si,qi+1 = Sj, M) P(qr = Si, Gr+1 = Sj1A)

P(O|A)



3. Learning

e Maximum Likelihood

Et(i'j)EP(qt =Si’qt+1 =Sj|0'7\)
& (i, J) P(q: = Si,qt+1 = Sj10,A)
P(Olgr = Si,qt+1 = Sj, MP (Gt = Si, Gr+1 = SjlA)

P(O|A)
_ P(OIlgr = Si,qt+1 = S, V)P (qr+1 = Sjlar = Si, A)P(qr = SilA)
a P(O|A)
1
= <P(O|A))P(Ol -+ = Otlgr = Si, A)P(O+11gt+1 = Sj, A)

P(Oty2 - - - Orlqr+1 = Sj, N aijP(qr = SilA)



3. Learning

e Maximum Likelihood

%t(i,j)EP(qt =5,,0;41 =Sj|0'7\)
& (i, J) P(q: = Si,qt+1 = Sjl0,A)

P(Olqgr = Si,qt+1 = Sj, M P(qr = Si, Gr+1 = SjlA)
P(OIA)

P(Olqg:t = Si,qt+1 = Sj, M) P(qr+1 = Sjlqr = Si, AP (gr = SilA)
P(O|A)
1
= <P(O|2\))P(Ol -+ = Otlgr = Si, A)P(O+11gt+1 = Sj, A)
P(Oty2 - - - Orlqr+1 = Sj, N aijP(qr = SilA)

1

P(Ots2 - - - O1lqr+1 = Sj, A aij
O(t(i)bj(OHl)EHl(j)aij
2k 21 P(qr = Sk, qr+1 = 81, 01A)




3. Learning

e Maximum Likelihood

Et(i'j)EP(qt =Si’qt+1 =Sj|0'7\)

Et(’,j) = P(qt = Sf7 G+1 = Sjlol/\)
POIlq:i= S, gq+1= §,A)P(qt= S, g+1= §lA)
- P(©IA)

1
_ (P(OM) ) P(O1 -+ O¢, G = S{INP(Opi11des1 = Sj, A)

P(Ots2 - - - O1lqr+1 = Sj, A aij
Xt ()b j(O¢s1) Bes1(J)aij
Zk le(qt = Sk;CIt+1 = SI;O|A)

Xt (1)aijbj(Or+1)Br+1(J)
>k 21 Xt (K)akibi(Or41) Brsa (1)




3. Learning

e Maximum Likelihood

e ,j)=Plg,=S.q,,=5,101)
E(i,j)= at(i)]ifbj(omﬁm(j)
- Ekzlat(k)ak/bl(om)ﬁm(/)

« We can calculate the probability of being in
state §, at time ¢ by marginalizing over the arc
probabilities for all possible next states

N
ye(i) = Z & (1, )

j=1



3. Learning

e Maximum Likelihood

— We can calculate the probability of being in state §,

at time ¢ by marginalizing over the arc probabilities
for all possible next states

N
ye(i) = > &, j)
j=1

— If the Markov model were not hidden but
observable, both y (i) and £ (i, j) would be 0/1.

— In this case when they are not, we estimate them
with posterior probabilities that give us soft counts



3. Learning

e Maximum Likelihood

— We can calculate the probability of being in state §,

at time ¢ by marginalizing over the arc probabilities
for all possible next states

N
ye(i) = > &(i, )
j=1
— In this case when they are not, we estimate them

with posterior probabilities that give us soft counts

— We estimate posterior probabilities first (in
the E-step) and calculate the parameters
with these estimates (in the M-step).



3. Learning

« Baum-Welch algorithm
— E-step computes £(i,j) and y (i)
— M-step re-calculate A given £ (i, j) and y (i)

— Until convergence

* P(OIA) never decreases



3. Learning

« Baum-Welch algorithm

— E-step computes £(i,j) and y (i)

E[Z,?] = Yt(i) Z't:{l if g = Si St _}(1 if gr =Siand gr+1 = S
o ! 0 otherwise “4 | (0 otherwise
Elzjj] = &(ij)
.. ' ;b 0+ + - o
Ei(ij)= a(i)a;ibj (Ot+1)Bes1(]) V(i) = fo(i’j)

2k 2 ai(k)axbi(Or1)Brer (1) =1



3. Learning

Baum-Welch algorithm

— E-step computes £(i,j) and y (i)

Elzi] = vyi(i) thil if g = S, Zt_{l if g = S; and Gs1 = S,
’ 0 otherwise “4 "~ | 0 otherwise
t PR
E[Z,'j] = &i(1,])
. ) aj ibj (O - ] N
§i(ij) = 3D (Ort)Pre () V(i) = 2. &(iij)

2k 21 ai(k)akbi(Or1)Bier (1) =1

— M-step re-calculate A given £ (7, j) and y (i)

e Ratio of number of transitions from §; to S
3, = Zt 1 6t(i,])
j ZZ-_11 Yi(i)

St Vi()1(Or = Vi)

e Probability of observingv_inS. b; =
Y & Vm J j(m) th=1Yt(f)



3. Learning

Baum-Welch algorithm

— E-step computes £(i,j) and y (i)

E[Z;] = Yi(i) z?:{ 1 if g =S; it _}( 1 ifg; =S;and gi11
: 0 otherwise “4U = | 0 otherwise
t ..
Elzi;] = &(iJ))
. a(i)a;jibj (Or+1)Bts1(J) N
Et(’;]) - - - s \
Sk 31 ar(k)aibi(Orr1)Bre1 (1) nli)= 2. &)

— M-step re-calculate A given £ (7, j) and y (i)

« For multiple observation sequences
__— zklz:’nl t<z J) . M@

ajj = T =
Zk 1Zt 1 Yt k
r Zk 1Zt 1Yt (J)l(ot = Vm)

bj(m) =
’ Zk IZt 1t (J)

= S;



Classification with HMMs

« We have a set of HMMs, each one modeling
the sequences belonging to one class
— For example, in spoken word recognition,
examples of each word train a separate model, 4..

— Given a new word utterance O to classify, all of
the separate word models are evaluated to

calculate P(OIA)).

— We then use Bayes’ rule to get the posterior

probabilities 1oy POIA)P(A)
PO S iP(OIA;)P(A))




Exercise 1

e Prove the recursion expression for the
forward-backward algorithm:

Recursion:

P, (’) = iaijbj (Ot+1 )IBHI (/)




Exercise 2

« Prove that for finding the state sequence

v.()=Pla, =)o,
o, (i)B, ()
3o (8 ()




Exercise 2

Prove that for finding the state sequence

v.(i)=Plg, =50,
_a, (B ()
e B ()

yi(i) = P(gr=SilO,A)
P(Olg: = Si, A)P(qr = SilA)
P(O|A)




Summary
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